Abstract. In this paper, we obtain a long time solution for the conical Kähler-Ricci flow on Fano manifold by limiting a sequence of the generalized Kähler-Ricci flows. Under a restriction on the cone angle, by obtain uniform Perelman's estimates for generalized Kähler-Ricci flows, we prove that the conical Kähler-Ricci flow must converge to a conical Kähler-Einstein metric if there exists one.
Let M be a Fano manifold of complex dimension n and D ∈ | − λK M | be a smooth divisor. A conical Kähler metric on M with angle 2πβ (0 < β ≤ 1 ) along D is a closed positive (1, 1) current in 2πc 1 (M ) and is a smooth Kähler metric in M \ D that is asymptotically equivalent along D to the model conic metric
where (z 1 , · · · , z n−1 , z n ) are local holomorphic coordinates such that D = {z n = 0}. We call ω a conic Kähler-Einstein metric with conic angle 2πβ along D if it is a conic Kähler metric and satisfies Ric(ω) = µω + 2π(1 − β) [D] , (1.1) where [D] is the current of integration along D. Here the equation is classical outside D and it is in the sense of currents globally on M . There are other definitions of metrics with cone singularities (see [17] [21], ect), which for conical Kähler-Einstein metrics, turn out to be equivalent (see Theorem 2 in [21] ).
In this paper, we study the following conical Kähler-Ricci flow on M ,
starting with a conical Kähler metric with cone angle 2πβ along the divisor D. We say ω(t) (t ∈ [0, +∞)) is a long time solution of the above conical Kähler-Ricci flow means that every ω(t) is a conical Kähler metric with conic angle 2πβ along D, it satisfies (1.2) in sense of currents globally on M and reduces exactly to the usual Kähler-Ricci flow outside D, i.e. ∂ω ∂t = −Ric(ω) + βω. are studied respectively by X. Zhang and X.W. Zhang in [49] , the first author in [26] [27], T. Collins and G. Székelyhidi in [14] .
In this paper, we assume that D ∈ |− K M |. Let ω 0 be a smooth Kähler metric in 2πc 1 (M ), h be a smooth Hermitian metric on the line bundle −K M with curvature ω 0 and s be the defining section of D. It is well know that, for small k,
is a conic Kähler metric with cone angle 2πβ along D. As in [4] , We also denote k is a sufficiently small number such that ω ε is a Kähler form for each ε > 0. It is easy to see that ω ε → ω * in the sense of currents globally on M and in C ∞ loc topology outside D. From [4] , we know that the function χ(ε 2 + t) is smooth for each ε > 0, and there exists constants C > 0 and γ > 0 independent of ε such that 0 ≤ χ(ε 2 + t) ≤ C, (1.8) provided that t belongs to a bounded interval and ω ε ≥ γω 0 . where ω ϕε = ω ε + √ −1∂∂ϕ ε . We can see that (1 − β)(ω 0 + √ −1∂∂ log(ε 2 + |s| ϕ ε | t=0 = c ε0 (1.12) where F ε = F 0 + log( Very recently, in [43] , Y.Q. Wang using the same limiting method to prove the long time solution of conical Kähler-Ricci flow (1.2). In [13] , X.X. Chen and Y.Q. Wang prove the existence of long time solution of the strong conical Kähler-Ricci flow, and obtain the convergence result when µ = 1 − (1 − β)λ ≤ 0, i.e. the twisted first Chern class is negative or zero.
This paper is organized as follows. In section 2, we obtain uniform Laplacian estimate and local C ∞ estimates for the generalized Kähler-Ricci flow (1.10). Then we get a long time solution of the conical Kähler-Ricci flow (1.13) by limiting a sequence of generalized Kähler-Ricci flow in section 3. In section 4, assume β ∈ (0, 1 2 ], we obtain uniform Perelman's estimates which independent of ε and t for generalized Kähler-Ricci flows (1.10) . Making use of these estimates, we prove uniform C 0 estimate for the metric potential with the uniform properness of twisted Mabuchi K-energy functional and the uniform Sobolev inequality along the flow (1.10) in section 5. At last section, we show that the properness of Log Mabuchi K-energy functional implies that the twisted Mabuchi K-energy functional M ω0, θε is uniformly proper. Then, we prove the conical Kähler-Ricci flow (1.13) must converge to a conical Kähler-Einstein metric in C ∞ loc topology outside the divisor D if there exists one, where we will use the uniqueness of the conical Kähler-Einstein metric proved in [2] .
This paper was first submitted on arxiv in February 8, 2014 . In this version, we add some details and make appropriate modifications.
The local estimates for the generalized Kähler-Ricci flow
In this section, we will give the Laplacian estimate and local higher order estimates for the the parabolic Monge-Ampére equation (1.12) . In the following sections, a uniform constant means that it independent of ε and t. We shall use the letter C for a uniform constant which may differ from line to line. We use Guenancia-Paun's trick in [19] to obtain the Laplacian estimate, we have: Lemma 2.1 Let ϕ ε be a solution of equation (1.12) . Assume that there exists uniform constant C > 0 such that (1) sup
Then there exists a uniform constant A depending only on ω 0 , n, β and C, such that
Note that the estimates independent of the time T and so the results holds also for time intervals [0, T ) or [0, +∞). The notion in the above relations is as follows:
in local coordinates, we write
the corresponding components of the curvature tensor are
and the Ricci curvature are
Proof of Lemma 2.1: We let ϕ ε evolve by the parabolic Monge-Ampére equation (1.12) . Through computing, we have
When we choose a locally holomorphic basis, which such that (g εiī ) be identity and (g ϕεiī ) be diagonal matrix. Since (g ϕεiī ) is positive definite, so we have g ϕεiī = 1 + ϕ εiī > 0. Through computing, we have
On the other hand,
Then we put (1.12), (2.2) and (2.3) into (2.1), so
First of all, we treat the term △ ωε F 0 . We know that there exists uniform constant C such that √ −1∂∂F 0 ≥ −Cω 0 , then by (1.9), we have
and thus
which shows that △ ωε F 0 is uniformly bounded. We denote Ψ ε,ρ =Cχ ρ (ε 2 + |s| 2 h ), where
After taking suitable uniform constantsC and ρ, H. Guenancia and M. Pȃun have proved the following inequality (see (21) in [19] )
Combine (2.4) and (2.5), we have
where we use the fact n ≤ tr ωϕ ε ω ε · tr ωε ω ϕε in the last inequality. Hence we have the following inequality
where we take B = C + 1. By the maximum principle, at the maximum point p of log tr ωε ω ϕε + Ψ ε,ρ − Bϕ ε , we have
Combining with the fact that F ε is uniformly bounded (see (25) [4]), we obtain
hence we have
On the other hand, by the conditions on ϕ ε andφ ε , we conclude
So there exists a uniform constant A such that
for any ε and t. Now we consider the local Calabi's C 3 estimate and higher order estimates to the generalized Kähler-Ricci flow:
where
and θ is a smooth semi-positive closed (1,1) form. The above flow is equivalent to the following parabolic MongeAmpére equation for metric potential ϕ ∂ϕ ∂t = log ω n ϕ
where f is the twisted Ricci potential, i.e.
g ϕpl , where ∇ 0 denotes the covariant derivative with respect to the metric ω 0 . Define
Here we let ∇ ϕ and Γ ϕ be the covariant derivatives and Christoffel symbols respectively under the metric ω ϕ , and Γ 0 be the Christoffel symbols with respect to the metric ω 0 . In the following, the norms · C k and · C k,α are all with respect to the fixed metric ω 0 unless there is a special statement. We also denote the curvature tensor of ω ϕ by Rm ϕ for simplicity.
Proposition 2.2 Let ϕ(·, t) be a solution of the equation (2.8) and satisfy
Then there exist constant C ′ and C ′′ such that
Furthermore, there exist constants
Proof: By direct calculation, we have
where C depends only on N , λ, Rm(ω 0 ) C 1 (Br (p)) and θ C 1 (Br (p)) . Write r 0 = r and ψ be a nonnegative C ∞ cut-off function that is identically equal to 1 on B r1 (p) and vanishes outside B r (p), where r = r 0 > r 1 > r 2 , we may assume that
From (2.10) and (2.11), we obtain
Let (x 0 , t 0 ) be the maximum point of ψ 2 S + Btrh on B r (p) × [0, T ]. If t 0 = 0, then S is bounded by the initial data ϕ(·, 0) C 3 (Br(p)) . So, we assume for the moment that t 0 > 0 and that x 0 doesn't lie in the boundary of B r (p), by maximum principle,
, we conclude S(x 0 , t 0 ) ≤ C, where C independent of T . Since 0 ≤ trh ≤ nN , we have (2.14) where the constant C depends only on N , λ, ϕ(·, 0) C 3 (Br (p)) , θ C 1 (Br(p)) and ω 0 .
Direct calculation, we have
By (2.15), (2.16) and (2.17), we have
To show |Rm ϕ | 2 ωϕ is uniformly bounded, we will use an argument similar to the previous part. We fix a smaller radius r 2 satisfying r 1 > r 2 > r 2 . Let ρ be a cut-off function, identically 1 on B r2 (p) and identically 0 outside B r1 . As before we may assume |∂ρ| 2 ω0 , | √ −1∂∂ρ| ω0 ≤ C r 2 for some uniform constant C. From the former part we know that S is bounded by
whereĈ is a constant to be determined later, and it is large enough so that
By computing, we have
As in the previous part, we only consider at a inner point (x 0 , t 0 ) which is a maximum of F achieved on B r1 (p) × [0, T ]. We use the fact that ∇F = 0 at this point, then give us
Our goal is to show that at (x 0 , t 0 ), we have |Rm ϕ | . So
Also note that
By (2.9), we find that on B r1 (p) we have
First chooseĈ in the definition of K to be sufficiently large so that 
So we have
Now we choose A sufficiently large so that A ≥ 2(C + 1) and we obtain at (x 0 , t 0 )
which implies that |Rm ϕ | 2 ωϕ ≤ C r 2 at this point, where C depends only on N , λ, S, θ C 2 (Br (p)) and ω 0 . It follows that at (x 0 , t 0 ), F is bounded from above by 
where C depends only on N , λ, ϕ(·, 0) C 4 (Br (p)) , θ C 2 (Br (p)) and ω 0 . Now, we prove the C ∞ estimates of the metric potential ϕ on B r 2 (p) combining with the high order derivative estimates of the Riemann curvature tensors. Here, when we say ϕ is C k,α , we mean it is uniformly bounded in C k,α norm, that is, the norm controlled by a constant depends only on ω 0 , N , λ, r, θ
, we know thatφ is C 1,α . Differentiating the equation (2.8) with respect to z k , we get
From the above Calabi's C 3 estimate, we know that ϕ is C 2,α and then the coefficients of △ ωϕ are C 0,α . Since f is the twisted Ricci potential, then
. By the standard elliptic Schauder estimates, we have ϕ is
, where r 2 < r 3 < r 2 . By computing, we have
where C depends only on N , λ, θ C 0 (Br(p)) and |Rm ϕ | 2 ωϕ . By (2.16) and (2.17), we know
Let ̺ be a cut-off function, identically 1 on B r3 (p) and identically 0 outside B r2 . As before we may assume
for some uniform constant C depends only on ω 0 , N and r. From the former part we know that S and |Rm ϕ | 2 ωϕ are bounded by a uniform constant on B r2 (p). Define
, where B will be determined later,
We assume for the moment that t 0 > 0 and that x 0 doesn't lie in the boundary of B r2 (p), we choose 2B = C + 1, by maximum principle, at this point, we have
where C depends only on N , λ, r, θ C 3 (Br(p)) , |Rm ϕ | 2 ωϕ and ω 0 . It follows that at (x 0 , t 0 ), H is bounded from above by C independents of T . Hence on
Differentiating equation (2.7), we have
where D denotes the covariant derivative with respect to the metric ω ϕ , taking trace on both side with the metric ω ϕ , we have
Sinceφ is C 1,α , |Rm ϕ | ωϕ , |DRm ϕ | ωϕ and |X| ωϕ is uniformly bounded, hence we have Dφ is C 1,α , henceφ is C 2,α . Derivating equation (2.8) two times and using the elliptic Schauder estimates, we have ϕ is
Then we claim that
) and ω 0 , r k > r k+1 > r 2 for any k ≥ 0. We argue now by induction. First, when k = 0, 1, this claim is established. Assume that
ωϕ , since any covariant derivative of Rm ϕ of order k + 1 differs from covariant derivatives of the form ∇ (
where we are writing A * B to denote a linear combination of the tensors A and B contracted with respect to the metric
In the case of r, s = 0, combined with (2.16) and (2.17), then
When r = 0 or s = 0, without loss of generality, we assume s = 0, we have
The corresponding evolution equation
Let ϑ be a cut-off function, identically 1 on B r ′ k+3 (p) and identically 0 outside B r k+3 , where r 2 < r ′ k+3 < r k+3 . As before we may assume |∂ϑ|
for some constant C depending only on ω 0 , N and r. From the former part we know that |∇
ωϕ are bounded by a uniform constant on B r k+3 (p). Then we argue in the following two case:
(1) When r, s = 0, we define
ωϕ . We first analysis the evolution of |∇ k ϕ X| 2 ωϕ . By direct computation, we have
Since in the evolution equation of X there exists no Rm ϕ , and there only exists derivative of Rm ϕ of order 1 in the evolution equation of Christoffel Γ ϕ with respect to the metric ω ϕ , hence there exists derivative of Rm ϕ no more than of order k in the evolution equation of ∇ k ϕ X, combining ϕ is C k+3,α , we obtain
Then by computing, when we choose suitable A 1 and A 2 , we have
Let (x 1 , t 1 ) and (x 2 , t 2 ) be the maximum point of G 1 and G 2 on B r k+3 (p) × [0, T ] respectively. We assume for the moment that t i > 0 and that x i doesn't lie in the boundary of B r k+3 (p) for i = 1, 2, by maximum principle, we have
, and then by the assumption, it is easy to see thatφ is C k+2,α . By derivating the parabolic MongeAmpére equation (2.8) k + 2 times, and using the elliptic Schauder estimates again, we have ϕ is [25] ). 
The long time existence of the conical Kähler-Ricci flow
In this section, we will use the above estimates to prove the long time existence of the conical Kähler-Ricci flow, we obtain the following theorem: 
and ω ϕ is a long time solution of the conical Kähler-Ricci flow (1.13) with initial metric ω * .
Proof: By differentiating equation (1.11), we have
Hence, by maximum principle, we have
where the uniform constant N depends only on K and C(T ). Since the initial data kχ+c ε (0) of the flow (1.11), the twisted Ricci potential
Let K approximate to M \ D and T → +∞, by diagonal rule we have a sequence which we denote {ε i }, such that ϕ εi (t) converge in C ) and ϕ εi are bounded independent of ε, we have
On the other hand, let K ⊂⊂ M \D be a compact subset, and M\K √ −1∂∂η = δ with δ → 0 when K → M \ D, by the facts that ∂ϕε i ∂t and ∂ϕ ∂t are also bounded independent of ε,
So, the limit ω ϕ (·, t) satisfies the flow equation (1.13) on M × [0, +∞) in the current sense.
Proposition
The flow (3.1) can be written as
Then by the L p estimate of S. Kolodziej [23] , we conclude that the potential ϕ(t) is Hölder continuous with respect to the metric ω 0 on M . 
Uniform Perelman's estimates along the generalized Kähler-Ricci flow
In this section, we will prove the uniform Perelman's estimates of the flows (1.10), i.e. Theorem 4.1. We may follow the steps in the generalized Kähler-Ricci flow in [26] , see also the case of Kähler-Ricci flow in [35] . 
, then there exists a uniform constant C independent of ε and t, such that
where R(g ε (t)) and diam(M, g ε (t)) are the scalar curvature and diameter of the manifold respectively with respect to the metric g ε (t).
From equation (4.1), and the flow (1.10), we have
where c ε (t) depending on t. Now we recall the generalized W θ functional and µ θ functional. Let
where g is a Kähler metric, f is a smooth function on M , τ is a positive scale parameter and n is the complex dimension of the Kähler manifold. Let
be the µ θ functional with respect to the metric g.
From [26] , we have the monotonicity of the generalized W θ and µ θ functional along the generalized Kähler-Ricci flow.
Lemma 4.2 Along the evolution equation
, we know W θ (g(t), f (t), τ (t)) is nondecreasing. When we prove Theorem 4.1, we will use µ θε (g ε , τ ) functional's lower bound, which depends on the Sobolev constant C S (M, g ε ) and max
− with respect to the metric g ε , where g ε = g ε (0) and τ is a constant. Let's first recall the appropriate coordinate system ( see Lemma 4.1 in [4] ). (1) D Ω = {z n = 0}; (2) With respect to the trivialization η, the metric h has the weight ϕ, such that
for some constant C α,β depending only on the multi indexes α, β.
Under this appropriate coordinate system, metric ω ε can be written as follows:
We consider the map
ξ. Now, we want to show that Ψ * ε (g ε ) is uniformly equivalent to the Euclidean metric in small neighborhoods along the divisor D.
By a direct calculation, we see that we only need to handle the following term
We will show that (4.7) is uniformly equivalent to the Euclidean metric on C. Now we estimate it by the polar coordinates transformation. Let z n = x+ √ −1y, x = r cos θ and y = r sin θ, we have
We let ξ = u + √ −1v, u = ρ cos θ 1 and v = ρ sin θ 1 , by the definition of Ψ ε , we know that θ 1 = θ and r = (ε 2β + ρ 2 )
(4.9)
By the fact 1 ≤ (1 + (
we only need to prove that the term (ε 2 + (ε
1 β −1 can be uniformly bounded, and the lower uniform bound away from 0. Firstly, we bounded it from below,
where c independents of ε. Secondly, we prove it can be bounded from above. Let ε β = l cos ϑ and ρ = l sin ϑ, where ϑ ∈ [0,
In conclusion, this shows that
for some uniform constant C 1 and C 2 independent of ε. So it is easy to see that the pull-back of the metric g ε under the map Ψ ε is uniformly equivalent to the Euclidean metric in a small neighborhood of the divisor D, where the uniform equivalence do not depend on ε. Therefore, the Sobolev inequality holds if the function v is supported in the above coordinate charts. The global case follows in the standard way by using a partition of unity. Following this arguments, we conclude:
Lemma 4.5 Let v be a smooth function on M. Then
for some uniform constant C independent of ε.
Under the above appropriate coordinate system (z 1 , z 2 , · · · , z n−1 , z n ), by direct calculation, we have
The O being with respect to ε 2 + |z| 2 going to 0. By further computation based on the computations in [4] , we have
From the above two estimates, we have
where C is a constant independent of ε.
Remark 4.6
The estimate (4.14) can also be deduced from the estimate in [4] .
By the definition of the generalized Ricci potential, we have
Since ω ε = ω 0 + √ −1∂∂χ, taking trace with respect to ω ε on both sides, n = tr ωε ω 0 + k△ ωε χ ≥ k△ ωε χ, (4.15) by (1.9), we have
In [4] (see section 4.5), the authors have proved that △ ωε (log
is uniformly bounded when β ∈ (0, 
where V is the volume of (M, g ε ) and α satisfies 4τ
− and C S (M, g ε ) are uniformly bounded by (4.14) and Lemma 4.5 respectively. By choosing a suitable α, we know that there exists a uniform constant C independent of ε, such that
Now we start to prove Theorem 4.1. Firstly, through differentiating equation (4.1), we get
By differentiating
It is obvious that a ε (t) ≤ 0 by Jensen's inequality. Since the functional µ θε (g ε (t), 1) is nondecreasing and µ θε (g ε , 1) is uniformly bounded from below, then following the analogous arguments in [35] , we have the following lemma. For readers' convenience, we give the proof here.
Lemma 4.7 There exists a uniform constant C, such that
for every t and ε.
Proof: We need only prove that a ε (t) can be uniformly bounded from below.
Hence, by (4.18), we have
for a uniform constant.
Lemma 4.8 R(g ε (t)) − tr gε(t) θ ε is uniformly bounded from below along the flow (1.10), i.e. there exists a constant C such that
Proof: By direct computation, we have the evolution equation of R(g ε (t)) − tr gε(t) θ ε as follow,
Applying the maximal principle and (4.14), we imply that R(g ε (t)) − tr gε(t) θ ε is uniformly bounded from below along the flow (1.10).
Lemma 4.9 The generalized Ricci potential u ε (t) is uniformly bounded from below along the flow (1.10).
Proof: By equation (4.1), we have △ gε(t) u ε (t) = −R(g ε (t)) + βn + tr gε(t) θ ε . From Lemma 4.7 and Lemma 4.8, there exists a uniform constant C 1 satisfies
We conjecture u ε (t) ≥ − 2C1 β for every t and ε. If not, then there exists (ε 0 , y 0 , t 0 ) such that u ε0 (y 0 , t
So there exists U (y 0 ) × [t 0 , t 0 + δ), where u ε0 (t) satisfies
By the continuity of u ε0 (t) with respect to time t, u ε0 (y) ≪ 0 on U (y 0 ) when t ≥ t 0 . Now we denote U (y 0 ) by U for simplicity.
For every z ∈ U, t ≥ t 0 ,
where C 2 depending only on C 1 , β and t 0 .
When z ∈ U and t sufficiently large,
where C 3 depending only on C 1 , β, t 0 and ε 0 .
for every t, hence we have
where C 4 depending only on ε 0 and t = 0. Combined the Green formula with respect to metric g 0 , for sufficiently large t,
Then we hve
where C 7 depends only on C 1 , β, ε 0 , t 0 and t = 0. C 8 depends only on ε 0 and t = 0. From (4.27) and (4.28), we obtain (4.29)
When t sufficiently large, the inequality (4.29) is not true, so u ε (t) is bounded uniformly from below along the flow (1.10).
where J is the complex structure on M .
Lemma 4.10
There exist a constant C independent of time t and ε, such that
Proof: It follows from Lemma 4.9 that there exists a uniform constant B > 1 such that u ε (t) > −B. Define
the same arguments as that in [26] , we have
where C 0 independents of ε and t. Take δ satisfying C 2 0 δ < 1. Combining with Lemma 4.7 and θ(grad u ε (t), J (grad u ε (t))) ≥ 0, we obtain
Let u ε is the generalized Ricci potential with respect to the metric g ε . By adjusting χ(ε 2 +|s| 2 h ) with a constant (whose variation with respect to ε is bounded), we can assume that 1
Then from (4.1), we can conclude
From [4] , we know that |∇(log
where C is uniform. Since function
gε is uniformly bounded by a constant C 2 . Hence we have
where C 3 is a uniform constant. Next, we prove that H ε (t) ≤ max{C 3 , 2(2B + C 1 )δ −1 } for any ε and t. If not, there exists ε 0 and time T such that sup
and H ε0 (t) achieves its maximal value at (p,
Hence
which gives a contradiction.
If t 0 = 0, then sup
, which also gives a contradiction. So there exists a constant C, such that H ε (t) ≤ C for every t and ε.
Now we prove the second inequality. Since △ gε(t) u ε (t) = βn−R(g ε (t))+tr gε(t) θ ε , we need only prove the existence of the uniform constant C such that −△ gε(t) u ε (t) can be controlled by C(u ε (t) + C).
uε(t)+2B + 2H ε , so
Since θ ε is semi-positive, we obtain
In local coordinates,
Since −△g ε uε uε+2B is bounded uniformly when 0 < β ≤ 1 2 from the arguments in [4] , as the arguments of the former part, by the maximum principle, there also exists a uniform constant C > 0 such that G ε ≤ C for every t and ε. Then we get
From (4.32) in Lemma 4.10 and the same discussion in [35] (see Claim 8), we have the following lemma: Lemma 4.11 There exists a uniform constant C, such that
where u ε (x, t) = inf y∈M u ε (y, t).
By Lemma 4.11, the statements in Theorem 4.1 will hold if the diam(M, g ε (t)) is uniformly bounded. Firstly, we following the arguments in [22] and [36] to prove a generalized version of Perelman's noncollapsing theorem. B gε(t) (x, r) ) ≥ Cr 2n for every g ε (t) satisfying R(g ε (t))−tr gε (t) θ ε ≤ m r 2 on B gε(t) (x, r), where ∂B gε(t) (x, r) = ∅ and 0 < r < 1.
Proof: Comparing [22] and [36] . We argue by contradiction, that is, there exist
where φ is smooth function on R, equal 1 on [0, 
Hence we obtain
is uniformly bounded.
We should only prove (c). If
n for every k, we are done. If not, for a given k, we have
if not, then we repeat the above process, by the identity lim r→0
in [20] (see (6.9)), we will get
n at some step. Then we consider {p k , r k } obtained from above. Considering the function
(1) = 1
where the above constants C are all uniform. Combining all these inequalities together and making use of condition (b) (c), we have
where C are uniform constants independent of time t k and ε k . Consider τ = 1 − (1 − r 2 k )e −βt k e βt , by Lemma 4.3, we conclude by (4.18) , we conclude that
where C independent of ε k and t k . We get −C ≤ C − C k βV . When k → +∞, which is impossible. So we prove the lemma.
balls of radii 1 2 k . By Lemma 4.12 we have that
Proof: We first fix any δ > 0. Since V ol gε(t) (M ) is a constant V along the generalized Kähler-Ricci flow and therefore uniformly bounded. Let k ≫ 1, then 
We take m satisfying mδ[ V δ ] + δ > V , then it is a contradiction. So we prove the claim.
Then we determine k 1 and k 2 . If our estimate (b) did not hold, that is,
We would consider V ol gε(t) (B εt (3 i k + 2, 3 i+1 k − 2)) instead and ask whether (b) holds for that ball. Assume that for every p, at the p-th step we are still not able to find our radii so that (a) and (b) are satisfied. In that case, at the p-th step we would have
In particular, assume we have the above estimate at the p-th step so that 3
This leads to contradiction if we let k ≫ 1. So there exists some 1 ≤ j ≤ p − 1, such that
.
This finishes the proof of the lemma.
As the arguments in [35] (see Lemma 11), we have the following lemma:
) that is obtained in Lemma 4.13, and
Finally, we prove that diam(M, g ε (t)) can be uniformly bounded along the flow (1.10) follows from Perelman's arguments. Proof: If diam(M, g ε (t)) is not uniformly bounded, there exists {t i } and ε i → 0 such that diam(M, g εi (t i )) → +∞. Let δ i → 0 be a sequence consists of positive numbers, which corresponding to {t i } and {ε i }. By Lemma 4.13, we can find sequences {k
be given in Lemma 4.14 for each i, φ i be cut off functions such that φ i = 1 on [2
Let i → +∞, since δ i → 0, we conclude that C i → +∞. Considering the function 
where the above constants C are uniform. Combining all these inequalities together, we have
where C are constants independent of time t i and ε i . Hence, by (4.18), we have
where C are positive constants independent of t i , ε i . Let i → +∞,
which is impossible, so diam(M, g ε (t)) must be uniformly bounded.
Proof of Theorem 4.1: By Lemma 4.11 and Lemma 4.15, we obtain R(g ε (t))− tr gε(t) θ ε and u ε is uniformly bounded from above, at the same time, |∇u ε | is uniformly bounded. Combining Lemma 4.8 and Lemma 4.9, we get the uniform bound of |R(g ε (t)) − tr gε(t) θ ε | and u ε C 1 (gε(t)) . 5. The C 0 estimates for metric potential ϕ ε (t)
In this section, we prove a uniform Sobolev inequality along the generalized Kähler-Ricci flow (1.10). From [27] , we know that the Sobolev constant along the generalized Kähler-Ricci flow depends only on n, max(R(g ε ) − tr gε θ ε ) − and C S (M, g ε ), where g ε is the initial metric (see also [45] or [48] ). In the former section, when β ∈ (0, 
Then by the uniform Perelman's estimates for the flow (1.10), we have
where C is a uniform constant.
Proof: Since the proof is almost the same as that in [48] by Q.S. Zhang, the only difference is that here we have constants do not depend in addition on ε, so we give the proof briefly here. and Lemma 4.5, we know that the constants independent of ε and t. Now, we argue the uniform C 0 estimate for metric potential ϕ ε (t). We will denote φ ε (t) = ϕ ε (t) + kχ(ε 2 + |s| 2 h ) and only discuss the C 0 estimates for φ ε (t). From flow (1.11), φ ε (t) evolves along the following equation:
Lemma 5.2 There exists a uniform constant C such that φ ε (t) C 0 ≤ C for any ε and t.
Proof: As in [31] , we let
Through computing, we have
Putting u ε = F ε + kβχ and −c ε (0) = βϕ ε (0) into (5.10), we have
From Theorem 4.1, we conclude that
By (4.2) and (5.9), we uniformly boundφ ε (t) combining with theorem 4.1. Now, we recall Aubin's functionals, Ding functional and the twisted Mabuchi K-energy functional.
where φ t is a path with φ 0 = c, φ 1 = φ.
where −Ric(ω 0 ) + βω 0 + θ = √ −1∂∂u ω0 and
The time derivatives of I ω0 , J ω0 and M ω0, θ along any path φ t can be written as follows:
So we obtain
where the last equality can be bounded by a uniform constant. Then we prove fact (1) . By the definition of M ω0, θε , we have
Since we have the uniform Sobolev inequality (5.2) and the Poincaré inequality (5.18) along the generalized Kähler-Ricci flows (5.8), we can follow the arguments in [34] (see Lemma 10) to obtain the following lemma. The proof is completely similar, so we omit it.
Lemma 5.5 We have the following estimate along the generalized Kähler-Ricci flow (5.8)
where the constants A and B independent of ε and t.
We define the space of smooth Kähler potentials where C 1 and C 2 are uniform constant, and this inequality easily implies a uniformly lower bound for sup M φ ε (t). Combined with (5.21) and (5.26), we obtain a uniform bound for φ ε (t) C 0 . We also conclude ϕ ε (t) C 0 ≤ C for a uniform constant.
6. The convergence of the conical Kählre-Ricci flow
In this section, we will argue the convergence of conical Kähler-Ricci flow. Let's recall the properness of the Log Mabuchi K-energy functional introduced first by C. Li and S. Sun in [24] .
For any φ ∈ H(ω 0 ), By estimates (6.11) , from the proof in Proposition 3.2, we know that ϕ C α is uniformly bounded for some α ∈ (0, 1), so the limit ϕ ∞ is also Hölder continuous on M . Since we have the properness of the Log Mabuchi K-energy functional, R. By the same arguments above we know that ωφ ∞ is also a conical Kähler-Einstein metric andφ ∞ is Hölder continuous, but ωφ ∞ ≡ ω ϕ∞ , which is impossible by R. Berman's uniqueness results. Hence we get the convergence of the conical Kähler-Ricci flow. 
